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1 (a) The number N has the base-10 form N = abba abba ... abba, consisting of blocks of four
digits, as shown, where a and b are integers such that 1 <a < 10 and 0 < b < 10.

Use a standard divisibility test to show that N is always divisible by 11. [3]

(b) The number M has the base-n form M = cddc cddc ... cddc, where n > 11 and c and d are
integers such that 1 <c <nand 0<d<n.

Show that M is always divisible by a number of the form k n+Kk,, where k, and k, are
integers to be determined. [3]

2 Asurface S has equation z = 4xy'y —yvVx+y? forx, y= 0.

Determine the equation of the tangent plane to S at the point (1, 4, 20). Give your answer in the
form ax+by+cz =d where a, b, ¢c and d are integers. [5]

3  Determine all integers X for which x =1 (mod 7) and X =22 (mod 37) and x =7 (mod 67).

Give your answer in the form x = qgn+r for integers n, g, r with g >0 and 0 <r < q. [6]
p—1 2p+4

4 The vectors aand b are givenby a=| q+2 |and b =[2g—5|, where p, g and r are real numbers.
2r—3 r+3

(&) Given that b is not a multiple of a and that axb = 0, determine all possible sets of values of
p,qandr. [3]

(b) You are given instead that b = Aa , where A is an integer with |A| > 1.

By writing each of p, g and r in terms of A, show that there is a unique value of A for which
p, g and r are all integers, stating this set of values of p, g and r. [7]
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5 Ina conservation project in a nature reserve, scientists are modelling the population of one species
of animal.

The initial population of the species, P, is 10000. After n years, the population is P . The
scientists believe that the year-on-year change in the population can be modelled by a recurrence
relation of the form

Pn+

(@)

(b)

()

. = 2P (1—kP,) for n >0, where k is a constant.
The initial aim of the project is to ensure that the population remains constant.
Show that this happens, according to this model, when k = 0.000 05. [2]

After a few years, with the population still at 10000, the scientists suggest increasing the
population. One way of achieving this is by adding 50 more of these animals into the nature
reserve at the end of each year.

In this scenario, the recurrence system modelling the population (using k = 0.00005) is given
by
P,=10000and P ., =2P (1—0.00005P,)+50 for n > 0.

Use your calculator to find the long-term behaviour of P predicted by this recurrence
system. [1]

However, the scientists decide not to add any animals at the end of each year. Also, further
research predicts that certain factors will remove 2400 animals from the population each year.

(i) Write down a modified form of the recurrence relation given in part (b), that will model
the population of these animals in the nature reserve when 2400 animals are removed
each year and no additional animals are added. [1]

(ii)  Use your calculator to find the behaviour of P, predicted by this modified form of the
recurrence relation over the course of the next ten years. [1]

(ili) Show algebraically that this modified form of the recurrence relation also gives a

constant value of P, in the long term, which should be stated. [3]

(iv) Determine what constant value should replace 0.000 05 in this modified form of the

recurrence relation to ensure that the value of P remains constant at 10 000. [2]

6  The surface C is given by the equation z = x*+y>+axy for all real x and y, where a is a
non-zero real number.

(@)

(b)
(©)

© OCR 2024

Show that C has two stationary points, one of which is at the origin, and give the coordinates
of the second in terms of a. [6]

Determine the nature of these stationary points of C. [5]

Explain what can be said about the location and nature of the stationary point(s) of the
surface given by the equation z = x2 +y? for all real x and y. [2]
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7  Let | dx for integers n > 0.

[

(a) By considering the derivative of v x* + 1 with respect to X, determine the exact value of I, .

: _ -1
(b) Given that n > 3, show that (2n—1)1 =3x2"""-2(n-2)I__,.

2
(c) Hence determine the exact value of f x>V x3+1dx .
0

8 The group G is cyclic and of order 12.

(&) (i) State the possible orders of all the proper subgroups of G. You must justify your
answers.

(if) List all the elements of each of these subgroups.

(ili) Explain why G must be abelian.

[2]
[5]

[3]

[2]
[5]
[1]

The group Z, is the cyclic group of order k, consisting of the elements {0, 1, 2, ..., k— 1} under

the operation +, of addition modulo k.

The coordinate group C_ is the group which consists of elements of the form (X, y), where
xeZ, and yeZ_ ,under the operation @ given by (X;, ¥,)®(X,, Y,) = (X, + X5 Y, +,, Y,)-
For example, form=5and n=2, (3,0)® (4,1) = (2,1).
(b) (i) Listall the elements of J=C,, .

(i) Show that G and J are isomorphic.

There is a second coordinate group of order 12; thatis, K=C_, where 1 <m < n < 12 but
neither m nor n is equal to 3 or 4.

(c) (i) State the values of m and n which give K.
(i) Hence list all of the elements of K.
(ii1) Explain why K must be abelian.

(d) Show that G and K are not isomorphic.

END OF QUESTION PAPER
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